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5 Introduction

The birds are an undeniable part of the Earth’s ecosystem. Their role as prey and predator for many other
species, and their relatively easiness to detect make them an excellent target for environment monitoring
[38]. In the current trend of protecting biodiversity, being able to collect and analyze data sufficiently
and efficiently appears as an indispensable step. However, the collection of data by people can be biased
by the observer or other environmental and ecological factors but also by its very high cost. In order to
reduce this cost, automatic recording systems have been introduced.

Automatic recording systems allow acoustic sampling over a large temporal and spatial scales. How-
ever it raises new challenges: The recorder’s surroundings may be noisy (e.g. stream, wind, human
activities). Moreover, birds may sing simultaneously or birds may be far from the microphone. Many
studies overcame this problem by collecting sounds from birds in cages or by targeting them with hand-
held directional microphones [11, 43, 44], In either case, a great deal of human intervention is involved.
In this project, we have collected data directly in the forest, using song meters. The human intervention
has been limited to the installation and the collect of the data once the hard drives were full.

The classical approach of an Automatic Identification System (AIS) uses the Fast Fourier Transform
(FFT) to convert the recordings into spectrograms. These spectrograms make the bird songs “visible”
for interpretation and therefore open to analysis. The next step of the AIS is the computation of fea-
tures, also called segmentation. A lot of work has been done by several research groups, one of each, the
Bioacoustics group at OSU has developed its own segmentation procedure in [5].

During this internship, we have been attempting to create an automatic bird species identification
system, such as given an audio recording; predict the species for each call, and the set of all species heard
in each recording. We propose an approach using the topic modeling theory Latent Dirichlet Allocation
and probabilistic Bayesian network.

5.1 Motivation and Background

The birds are an important part of our ecosystem, and monitoring them is a crucial step to understand
and protecting biodiversity. It addresses ecological and ornithological questions:

• What are the variations in bird populations, with respect to environmental and ecological factors?

• How does a bird species interact with other bird species through vocalization?

• What is the impact of human activities among different bird populations and behaviors?

So far, ornithological studies have been done using manual labor to collect data, which led to sig-
nificant bias from the observers or other environmental and ecological factors. Reducing this bias and
the prohibitive cost of data collection is the current challenge of automatic recognition systems. Such
systems could enable us to follow bird populations through time period and different location.

5.1.1 Representation of Bird Songs

The audio recordings are classically represented by spectrograms computed using Fast Fourier Transform
(FFT). A typical spectrogram from our recordings will present the frequencies of bird songs over time.
We define a phrase as a long sequence of distinct syllables as presented on Figure 1. A syllable is a
short structured sound emitted by a bird. A song is composed of one or several phrases, each of them
presenting a distinctive structure, which we attempt to capture in this work.

5.1.2 Automatic Identification System of Bird Species using Audio Recordings

A classical Automatic Identification System (AIS) of bird species using audio recordings can be decom-
posed in several steps:
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Figure 1: Spectrogram of a recording

1. Training Stage

(a) Sample audio recording and labeling of the captured data files

(b) Computation of spectrograms

(c) Segmentation: identify component in a spectrogram that corresponds to syllables.

(d) Featurization

(e) Classification of syllables

2. Test Stage

(a) Taking an unlabeled audio recording

(b) Computation of spectrograms

(c) Segmentation: identify component in a spectrogram that corresponds to syllables.

(d) Featurization

(e) Classification of syllables

(f) Prediction of bird species labels

In this work, we have focused on the classification part (bolded lines) of the AIS developed within
the Bioacoustics group.

5.2 Bioacoustic Project

The Bioacoustics group1 is the result of collaboration between the Forest Wildlife Landscape Ecology
Department and the Electrical Engineering and Computer Science Department at Oregon State Univer-
sity. Researchers from ecology and machine learning backgrounds cooperate to develop sustainable data
collection systems and algorithms to automatically identify bird species on audio recordings.

5.2.1 Recording

In collaboration with the Forest Wildlife Landscape Ecology Department, the Bioacoustics group has
placed 13 Wildlife Acoustics Song Meters (SM1) in different locations of the H.J. Andrews experimental
forest (Oregon, USA). Two omni-directional microphones are enclosed inside a wind shield, with a battery
powered computer using 32 Gb flash-memory to store the data. The recording sessions took place during
summer 2009, 2010 and 2011. The summer presents many advantages: there is almost no rainfall, a lot of
birds are present, people are available for hiking in remote places to check the song meters. The human
intervention has been limited to the installation and the collection of the data once the hard drives were
full. More than one Terabyte of data has been collected, and only a very small part has been labeled by
trained bird specialists due to its prohibitive cost. The recordings contain simultaneous bird calls and

1http://eecs.oregonstate.edu/research/bioacoustics/
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Figure 2: Hand-labeled spectrogram

natural noises from the surrounding environment (e.g. stream, rain fall and wind).

In previous publications, the Bioacoustics group used a classical representation of audio recordings
using spectrogram generated by FFT. In Figure 2, the recording has been labeled by a member of the
Forest Wildlife Landscape Ecology Department, with boxes drawn by the labeler around the syllables
identifying the species.

5.2.2 Segmentation

Figure 3: Automatic segmentation

The extraction of features from a recording is called segmentation. The quality of the classification is
dependent on the quality of the syllable features, and therefore the quality of the segmentation of those
features from the recordings. It is very important to note that labeling and segmentation are different
processes. Segmentation is an automatic process extracting the syllables and their features from the
spectrogram. On the other hand, labeling is a manual process and the boxes drew by the labeler are
NOT used to segment the syllables.

During this internship, we have been using segmented data from the most recent segmentation process
developed by the Bioacoutics group [5]. Shortly, we describe the segmentation process as follows:

1. Using a ten-second recording sampled at 16 kHz, we preprocess it and reduce the noise by normal-
izing the spectrogram and applying iteration of whitening filter.

2. Then, we apply a two-dimensional segmentation over time and frequency, which separates songs
that could have been overlapping in the time dimension (but not in the frequency dimension). We
used a SISL classifier to predict segmented masks on spectrograms.

3. Finally, we compute the features of each segment by cropping the mask from the spectrogram.
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We have been using 38 features such as minimum frequency, maximum frequency, bandwidth, dura-
tion, area, perimeter, rectangularity. The detailed features and their analysis can be found in [28] and
[5].

5.2.3 Classification

In [27], each syllable was characterized as a probability distribution and treated the feature representation
of each frame encompassing a syllable to be observations from that particular syllable distribution. The
Independent Frame Independent Syllable (IFIS) model and the Markov Chain Frame Independent syllable
(MCFIS) models were introduced . In [6], we built a probabilistic model fed with audio features extracted
from short intervals of time. Most recently, in [5], we used a multi-label multi-instance framework.

In [28], Lakshminarayanan presented an inference algorithm for a supervised Latent Dirichlet Alloca-
tion (sLDA). In this work, we will continue and develop this algorithm, to develop more efficient inference
techniques.

5.3 Organization of this Thesis

In section 6, we will thoroughly review the related works on classification algorithms for automatic bird
species identification systems. In section 7, we will introduce the Latent Dirichlet Allocation model and
the Topic Modeling theory. We will also developed our own inference algorithm adapted to bird species
identification. In section 8, we experiment with a synthetic set of data, used as sample to test our
approach. In section 9, we experiment with real data sets from the field. Finally in section 10, we analyze
and discuss the results before approaching future work.

6 Bioacoustics Literature Review

In this section, we present an extensive review of related works on classification algorithms for automatic
bird species recognition using audio recordings. We divided this section according to the different methods
used to classify the syllables. Some publications were using several methods, therefore, their results are
presented several times using various methodologies.

6.1 Gaussian Mixture Model

The Gaussian Mixture Model (GMM) is a well-known algorithm which has been widely used in speech
processing. It is a probabilistic model which uses a combination of several multivariate Gaussian densi-
ties to model the distributions of the data. In other words, each bird species represents a different set of
modeled frequency distributions.

In 2004, Kwan et al. published a first article using GMM and Hidden Markov Model (HMM) for
automatic bird species recognition using bird songs [26]. The project aimed to minimize the number of
bird strikes with planes around airports. They compared HMM and GMM algorithms and they have
shown that GMM algorithms tend to achieve slightly better performance and a more suitable real-time
computation.

In a more recent publication [25], the authors supported their choice of using GMM with two argu-
ments. First, the multivariate Gaussian densities should be able to model underlying classes. Second,
a linear combination of Gaussian is flexible enough to represent a large range of distribution of classes.
Therefore, the goal was to find the Maximum A Posteriori (MAP) of a probability given the data. How-
ever, the authors assumed the distribution of birds equally likely (stating that information about birds is
easily obtainable in airports), which is a very strong hypothesis that we will relax later using the Dirichlet
distribution.
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Another comparison of GMM and HMM but also Dynamic Time Warping (DTW), is published by
Sumervuo et al. [41] in 2006. TLDR, They have shown that DTW presents the best accuracy among
those models, when the parametrization is obtained by Mel-frequency cepstral coefficients (MFCC) based
syllable trajectory .
Recently, Jancovic et al. [21] published a GMM model of automatic recognition of tonal bird sounds in
noisy environments.

6.2 Hidden Markov Model

Hidden Markov Model is a popular model for speech recognition due to its ability to integrate different
level of statistical language (distribution, features, .).

Kogan et al. were among the first to publish a method using HMM [24]. They also proposed a Dy-
namic Time Warping system, to be compared with HMM. However, they manually labelled the segments
of syllables to apply the standard HMM.

In 2004, Kwan et al. [26] compared HMM and GMM. HMM is implemented with the Baum-Welch
method, also known as Expectation Maximization (EM) as described in [35] They have shown that GMM
algorithms tend to achieve better performance and a more suitable real-time computation. Alternatively,
Sumervuo et al. [41] implement HMM using Viterbi training as an approximation of Baum-Welch [22].
Moreover, they considered the labels only on a song level, and not on a syllable or element level. Those
studies [26, 41] have presented comparisons between GMM and HMM, and even if GMM tends to be
slightly more accurate than HMM, this difference remains small.

The Hidden Markov Model is also used in [4],[43] and [12] and shows less performance in noisy
environments.

6.3 Neural Network

The Neural Networks have been one of the earliest and most used methods in automatic bird song recog-
nition. McIliraith and Card are pioneers in applying Neural Network to data base including a large
number of bird species. In 1995, they published a first article [29], proposing a back-propagation neural
network. They were able to demonstrate very early on, the critical importance of features used to feed
the network. In 1997, they published three articles comparing different versions of neural networks for
automatic identification of bird songs. In [32] and [30], McIlraith and Card used a back-propagation in
two-layers Perceptron, and compared it to statistical methods like quadratic discriminant analysis. In
[31], they proposed to use the short-time spectrum of the signal as a feature, and then apply a feed-
forward neural network with back-propagation. They also considered a parametrization which accounts
for the duration of silences, in addition of the elements and the songs. However, those models require a
considerable amount of computation.

In 2004, David Chesmore [11] published his own recognition system: Intelligent Bioacousticsignal
Identification System (IBIS) based on Time Domain Signal Coding (TDSC) and Artificial Neural Net-
work (ANN). The results seem extremely encouraging but it requires a good quality of sound. In our
LDA-based system, the noisy environment is an important part of our implementation. The same year,
Chesmore and Ohya [10] used also this method to identify four British grasshoppers. They obtained
accuracies between 70-100% depending on the sound quality and background noise, which is quite on
average to what the other methods obtained.

In 2005, Selouani et al. [40] published a method that combined Time Delay Neural Networks (TDNN)
and an autoregressive version of a back-propagation network. This structure can handle the classification
of syllables, as well as capturing their temporal structures. This system achieved encouraging perfor-
mance compared to the basic back-propagation-based neural network. Their technique improved the NN
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methods by implementing a feedback loop to the multilayer perceptron.

In [7], the authors proposed to use ”past” and ”future” frames as well as current frame as inputs
to the neural network, in order to introduce a dynamic process. In [23], Juang et al.used a prediction-
based singleton-type recurrent neural fuzzy networks In [36], the authors developed a method to compute
distances between syllables, and then, create a self-organizing neural network.

6.4 Dynamic Time Warping

Dynamic Time Warping (DTW) [37] is used to align and compare sequences with varying lengths. There-
fore, DTW is a popular algorithm to compare syllables of different duration even if it is computationally
very expensive and may include background information that is not relevant for identification or that
may be less performant in noisy environments.

The earliest attempt occurred in 1996, when Anderson et al. [1] constructed a DTW recognition sys-
tem using template matching of signal spectrograms. However, their system needed manual segmentation
of the syllables.

In [24], Kogan et al. introduced a system of bird song identification based on matching the spectro-
gram using templates, which are the reference sequences for the classes. However, their method requires
a person to first select the spectrogram templates by hand, and therefore this is an important limitation
to apply this method on larger amount of varying data. Moreover, the algorithm was not working very
well, when used with a noisy environments or short duration vocalizations.

In [41], Somervuo et al. uses DTW in a modeling recognition system, and then compare it to sinu-
soidal modeling via GMM and HMM. They have shown that DTW presents the best accuracy among
those models when the parametrization is obtained by Mel-frequency cepstral coefficients (MFCC) based
syllable trajectory.

6.5 Sinusoidal Modeling

The sinusoidal modeling is based on the representation of a set of time-varying sinusoidal components.
Once the features are extracted, classical classification algorithms can be applied, like the nearest neigh-
bor [41].

In [17], the authors build an automatic recognition system for fourteen European birds. They used
a sinusoidal modeling of syllables to extract features from the sounds. Even if this is a very simplified
model (each syllable is characterized by frequency and amplitude trajectory of only one time-varying
sinusoid), the results were significant. The same authors, developed this model in [18], by introducing
four parameters which represent the harmonic structure of the syllable. This model is revised in [41]
and is compared to DTW, GMM and HMM. They have shown that sinusoidal modeling has a high level
of accuracy for species whose syllables mostly belong to a certain class of harmonicity. However, this
modelization was too simple for other types of bird sounds.

Fagerlund published in 2004 his thesis about automatic recognition of bird species by their sounds
[13]. This thesis is an extensive study about sinusoidal modeling developed by Härmä.

In 2006, Chen and Maher [9] developed a technique that calculate the degree to which the derived
parameters match a set of stored templates that were determined from a set of reference bird vocaliza-
tions. The use of spectral peak tracks is simple and robust to noise. Moreover, it has a relatively low
computational complexity. The authors have shown that this method performed better than DTW or
HMM.

Alternatively, in [39] the authors developed a method handling the inharmonic bird sounds using
wavelet coefficient feeding a self organizing map and a multilayer perceptron.
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7 Supervised Latent Dirichlet Allocation

7.1 Introduction to LDA and Topic Modeling

The Latent Dirichlet Allocation (LDA) is introduced by Blei, Ng and Jordan in [3]. It is originally an
unsupervised method for topic modeling, that is, a method to uncover topic mixtures using words in
a text corpus of document. Each document forms a bag-of-words containing words as instances. Each
bag-of-word is independent from the others. This ability to decompose a topic into a mixture of words
gives a great flexibility to topic modeling.
Latent Dirichlet Allocation presents several advantages, among which, it enables us to represent a model
via a hierarchical graphical model. The Figure 4(a) shows the graphical model for unsupervised LDA.
Each node is a variable: the white nodes are said to be latent variables, such as the variables that they
represent are unknown. The known variables are represented with a shaded node.

(a) (b)

Figure 4: (a): Graphical model for LDA (b): Graphical model for sLDA

7.1.1 Parameters and Indices of LDA

Parameters

Mixture of topics is the distribution of proportion for each topic within one document. We write it as
θi, the K × 1 vector of proportion for document i such as θi ∼ Dirichlet(α).

Topics are the classes of each word. We write it as Zij, for the topic of the j
th word in the ith document.

Words are the instances contained in the documents. We write Wij as the j
th word in the ith document.

Parameters α and β characterize respectively the distribution of θ and W

Indices

Number of documents : i = 1 . . .M

9



Number of words : j = 1 . . . Ni and total number of words in the corpus N =
∑M

i=1Ni.

7.1.2 Parameters and Indices of sLDA

The supervised LDA, in [14], is an ingenious continuation of the classical LDA model. Supervised LDA
enables the utilization of additional information on the bag-level included in Y . Figure 4(b) shows its
graphical model.

The main difference states in the drawing of class labels Yi for each document. This means that the
Dirichlet prior of θ is a K ×M matrix of M vectors. Each vector is computed such as Yi × α, in order
for the ith column of the Dirichlet prior to correspond to the ith column of Y , the matrix of classes.

Parameters

Classes is the bag-level label, which indicates for each document, which topic is present or not using
a disjunctive matrix. We write it as Yi, the vector of classes in the ith document. Y is a C × M
matrix of classes.

Mixture of topics is the distribution of proportion for each topic within one document. We write it
θi, the K × 1 vector of proportion for document i such as θi ∼ Dirichlet(Yi × α).

Topics are the classes of each word. We write it as Zij for the topic of the j
th word in the ith document.

Words are the instances contained in documents. We write Wij as the jth word in the ith document.

Mixture of words is the distribution of proportion for each word within one topic. We write is φi the
V × 1 vector of proportion for topic k such as φk ∼ Dirichlet(β).

Parameters α and β characterize respectively the distribution of θ and φ

Indices

Number of classes : c = 1 . . . C

Number of documents : i = 1 . . .M

Number of words : j = 1 . . . Ni and total number of word in the text corpus N =
∑M

i=1 Ni.

Number of topics : k = 1 . . . K

7.2 Mixed Supervision Latent Dirichlet Allocation

The topic modeling theory in bioacoustic analysis requires us to adapt the vocabulary we are using. The
documents are the audio recording of bird songs, the words will be the syllables present on the spectro-
gram. As in human speech, each occurrence of a syllable is unique, but can be classified in a cluster
with its center as a generalized representation of this syllable. We can therefore generate a vocabulary
of syllables (a codebook) that can be learned by the model.

In a preliminary approach, we were working directly with a model such as in Figure 4(b), but the
results obtained were difficult to interpret. The difference between the classes C and the topics K was
very ambiguous. To resolve this ambiguity, we introduced the parameter S, the bird songs, such as
each audio recording has a mixture of songs, and each song has a mixture of syllables. Therefore, the
parameter S is very much symmetric to the topic parameter in the general sLDA model.

Moreover, we transfered the bird species parameter Z to be dependent from S. It is also possible
that the syllable has not been labeled. In this case, Z is said to be unknown. Several arguments led us
to suppose that the distribution of the songs are different if Z is known or unknown:

10



• The labeler may not label a bird that is difficult to identify for various reasons (noise, ambiguity,
inability of the labeler)

• The labeler may not label every occurrence of one syllable, if this one is very dominant in the
recording. (e.g. ”5 times is enough, the machine will figure out the rest of it”)

We know that “easy” birds are more often very well labeled, and that the “difficult” birds are labeled
less often or not at all. Therefore, we can assume that the distribution of songs are different if Z is known
or unknown. This differentiation appears with the two parameters S1 and S2. S1 is the song parameter
when Z is known, S2 is the parameter when Z is unknown. Figure 5 presents this graphical model, which
continues the work done in [28]. Since we do not estimate the unknown Z’s during the sampling, they
are not present in the second part of the graph.

Figure 5: Graphical model for Automatic bird species Identification System

Parameters

Classes are the bag-level labels, which indicates each recording in which species are present or not using
a binary matrix. We write it as Yi, the vector of classes in the ith recording. Y is a C ×M matrix
of classes.

Mixture of songs is the distribution of proportion for each song within one audio recording. We write
it as θi, theK×1 vector of proportion for recording i such as θi ∼ Dirichlet(Yi×α). The probability
of the kth song given the ith audio recording is given by θki.

Bird species are the instance-level labels on each syllable. We write it Zij for the species of the jth

word in the ith audio recording.
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Syllables are the instances contained in documents. We write Wij as the jth syllable in the ith audio
recording.

Mixture of syllable is the distribution of proportion for each syllable cluster within one song. We
write is φk the V × 1 vector of proportion for song k such as φk ∼ Dirichlet(β). The probability of
the jth syllable given the kth song is given by φjk.

Parameters α and β characterize respectively the distributions of θ and φ.

Indices

Number of species : c = 1 . . . C, is an index defining the classes.

Number of syllables : j = 1 . . . Ni and total number of syllables in the corpus N =
∑M

i=1Ni. This
index defines as the words in a traditional topic model.

Number of clustered syllables : v = 1 . . . V cluster. This index must be understood as the vocabu-
lary of a dictionary that our model is learning.

Number of songs : k = 1 . . . K, this index defines topics.

Number of recordings : i = 1 . . .M , this index defines documents.

Table 1: List of parameters for MSLDA

M Number of recordings
Ni Number of syllables in recording i
V Vocabulary size
C Number of species
K Number of songs
Si Ni × 1 vector of song assignments corresponding to syllables in recording i
Wi Ni × 1 vector of all the syllables in recording i
Zi Ni × 1 vector of species assignment corresponding to syllables in recording i
Y C ×M presence/absence matrix of a species in a recording
θ K ×M matrix whose the ith column is the mixture of songs for recording i
φ V ×K matrix whose the kth column is the mixture of words for the song k
α Part of Dirichlet prior of θ
β Dirichlet prior of φ

7.3 Problem Statement

Using the model developed in section 7.2 we will attempt to solve the following problem: learn a model
for (W,S,Z) such as the classification of a new recording i is possible with minimum errors.

7.4 Learning MSLDA using Gibbs Sampling

In [2], the authors compared different methods using LDA modeling. They implemented various inference
solutions: Variational Bayes (VB), collapsed Gibbs sampling (CGS), collapsed variational Bayes (CVB)
and also maximum a-posteriori (MAP). We already studied the effect of those inference algorithms for
supervised LDA in [28]. We showed that with proper hyperparameters (α and β), CVB and VB tend
to have the same performance, however MAP is significantly worse even if it is computationally more
efficient.
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The MSLDA model introduced in this work (fig. 5) is more complex than in [28] (fig. 4(b)). This
model requires a more complex inference due to the additional latent variables. Therefore, we used a
Gibb Sampling (GS) method to learn the latent variables within our model.

Gibbs Sampling is a Markov Chain Monte Carlo (MCMC) algorithm, and more specifically, GS is
a special case of the Metropolis-Hastings algorithm. The method generates random variables from a
marginalized distribution without calculating the density. A convergence proof can be found in section
3 of [8], even when monitoring this converge is not easy. Griffiths et al. have been the first to derive
a collapsed Gibbs Sampling (φ and θ are marginalized out, therefore α and β are calculated after the
sampling) in [16]. Other examples can be found in [15, 34, 19]. An awesome and complete derivation
of collapsed GS has been independently published by Wang in [45].

In this work, we did not use a collapsed Gibbs Sampling, because we wanted to be able to use
additional information contained in φ and θ (e.g. the bag-level and instance-level label) during the
sampling. Therefore, we have derived an inference solution to learn LDA using GS. The algorithm 1
gives the detailed procedure.

7.4.1 Sampling S

In section 7.2, we have explained the differences between the distribution of known and unknown labeled
instances. In this section, we will derive the full conditional distributions of S1 and S2.

Full conditional distribution of S when Z is known: The sampling of S1 with GS requires us to
compute the full conditional distribution of S1, that is, calculate the distribution of S1 given its Markov
blanket. In Figure 5, the Markov Blanket of S1

ij is the set of variables W 1
ij, Z

1
ij and θi. In equation (1),

φk is also present, because of its influence on W 1
ij , but then φk is canceled out with the summation to S1.

P (S1
ij = k|W 1

ij = v, Z1
ij = c, θi, φk) =

P (S1
ij, Z

1
ij ,W

1
ij , θi, φk)

P (Z1
ij ,W

1
ij , θi, φk)

(1)

=
P (W 1

ij = v|S1
ij = k, φk)P (Z1

ij |S
1
ij)P (S1

ij |θi)

P (W 1
ij , Z

1
ij , θi, φk)

(2)

=
φvkP (Z1

ij = c|S1
ij = k)θi(k)

∑

K φvkP (Z1
ij = c|S1

ij = k)θi(k)
(3)

∑

K φvkP (Z1
ij = c|S1

ij = k)θi(k) = constant with respect of K. Those probabilities will sum to 1 with

respect of S1’s.

We will now present the derivation of equation (3), which is composed by three probabilities:

• Conditional distribution of S1 given θ

• Conditional distribution of W 1 given S1

• Conditional distribution of Z1 given S1

Conditional distribution of S: P (S1
ij = k|θi) The probability for the song of the jth syllable in the

ith recording to be the kth song, given the mixture of songs θi in the ith recording is θk,i, the value at the
kth line and ith column of the matrix θ. See section 7.4.2 for the sampling of θ.

Conditional distribution of W: P (W 1
ij = v|S1

ij = k, φk) The probability for the jth syllable in the

ith recording to be the vth word in the vocabulary, given the kth song and its mixture of syllable φk is
φv,k, the value at the vth line and kth column of the matrix φ. See section 7.4.3 for the sampling of φ.
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Algorithm 1 Learning MSLDA using Gibbs Sampling

1: Initialisation

2: Set all counts to zero
3: for i = 1 to M do {Each document}
4: for j = 1 to Ni do {Each word}
5: Sample song index Sij = k ∼ Mult(1/K)
6: Increment count song-recording Ω(k, i) = Ω(k, i) + 1
7: Increment count word-song Ψ(Wij = v, k) = Ψ(Wij = v, k) + 1
8: end for

9: end for

10: Construct Γ, K × C binary matrix since one song is used only by one species
11: Estimate α {See section 6.4.1}
12: for i = 1 to M do {Each document}
13: Sample θi ∼ Dirichlet(Yi × α+Ω(:, i))
14: end for

15: for k = 1 to K do {Each song}
16: Sample φk ∼ Dirichlet(β +Ψ(:, k))
17: end for

18:

19: Gibbs Sampling

20: for iter = 1 to iterMax do

21: Set the counts Ω(k, i) and Ψ(v, k) to zero.
22: for i = 1 to M do {Each document}
23: for j = 1 to Ni do {Each word}
24: Resample S using equation (3)
25: Increment count song-recording Ω(k, i) = Ω(k, i) + 1
26: Increment count word-song Ψ(Wij = v, k) = Ψ(Wij = v, k) + 1
27: end for

28: end for

29: for i = 1 to M do {Each document}
30: Sample θi ∼ Dirichlet(Yi × α+Ω(:, i))
31: end for

32: for k = 1 to K do {Each song}
33: Sample φk ∼ Dirichlet(β +Ψ(:, k))
34: end for

35: After burning period and every x iteration:
36: θest = θest + θ {Add current θ estimate to the global estimate.}
37: φest = φest + φ {Add current φ estimate to the global estimate.}
38: count = count + 1;
39: end for

40: Average the estimates:
41: θest =

θest
count

42: φest =
φest

count
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Conditional distribution of Z: P (Z1
ij = c|S1

ij = k) The probability for the species corresponding to

the jth syllable in the ith recording to be the cth species, given the kth song is a deterministic relationship:

P (Z1
ij = c|S1

ij = k) =

{

1 if the song belongs to this species
0 otherwise

This corresponds to line 10 in algorithm 1. We have constructed an arbitrary K × C binary matrix,
crossing each song with each species such that each song belongs to only one species. A species can have
as many songs as needed. Meaning that in equation 3, S1

ij will be sampled only in the range that belongs

to Z1
ij.

Full conditional distribution of S when Z is unknown: The sampling of S2 with GS requires to
compute the full conditional distribution of S2, that is, calculate the distribution of S2 given its Markov
blanket. In Figure 5, the Markov Blanket of S2

ij is the set of variables W 2
ij and θi. Similarly to the

derivation of S1, we compute:

P (S2
ij = k|W 2

ij = v, θi, φk) =
P (S2

ij ,W
2
ij, θi, φk)

W 2
ij , θi, φk)

(4)

=
P (W 2

ij = v|S2
ij = k, φk)P (S2

ij |θi)P (θi)

P (W 2
ij , θi, φk)

(5)

=
φvkθi(k)

∑

K φvkθi(k)
(6)

∑

K φvkθi(k) = constant with respect of K. Those probabilities will sum to 1 with respect of S2’s.

Since Z2
ij is unknown, the probability of any species matching to any song is equal to one. No restric-

tion is imposed to the range of song.

We will now present the derivation of equation (3), which is composed by two probabilities:

• Conditional distribution of S2 given θ

• Conditional distribution of W 2 given S2

Conditional distribution of S: P (S2
ij = k|θi) The probability for the song of the jth syllable in the

ith recording to be the kth song, given the mixture of songs θi in the ith recording is θk,i, the value at the
kth line and ith column of the matrix θ. See section 7.4.2 for the sampling of θ.

Conditional distribution of W: P (W 2
ij = v|S2

ij = k, φk) The probability for the jth syllable in the

ith recording to be the vth word in the vocabulary, given the kth song and its mixture of syllable φk is
φv,k, the value at the vth line and kth column of the matrix φ. See section 7.4.3 for the sampling of φ.

7.4.2 Sampling θ

The sampling of θ with GS requires us to compute the full conditional distribution of θ, that is, calculate
the distribution of θ given its Markov blanket. As present in Figure 5, the Markov Blanket of θi is the
set of variables {S1

i1...S
1
iN}, {S2

i1...S
2
iN}, Yi and α.
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P (θi|{S
1
i1...S

1
iN}, {S2

i1...S
2
iN}, Yi, α) =

N
∏

j

P (S1
ij |θi)f(θi|Yi, α) (7)

=
K
∏

k=1

θ
Ω(k,i)+Yi×α

k,i (8)

(9)

θi ∼ Dirichlet(Ω(k, i) + Yi × α) (10)

The matrix Ω(k, i), in which we report the number of times the song k was assigned inside recording
i, for each syllable.

Ω(k, i) =

M
∑

i=1

Ni
∑

j=1

I(sij = k ∧m = i) (11)

The transition from equation (7) to (8) and then (10) is done by using the Dirichlet distribution
properties. Those “gritty details” are available in [45].

We will now present the derivation of equation (8), which is composed by two probabilities:

• Conditional distribution of Si given θ

• Density function of θi given Yi and α

Conditional distribution of Si: P ({Si1...SiN}|θi) We multiply the ith column of the θ matrix,
therefore, there is no distinction between S1 and S2 anymore.

{Si1...SiN}|θi ∼ Discrete(θi)

P ({Si1...SiN}|θi) =

N
∏

j=1

P (Sij |θi) (12)

=

K
∏

k=1

θ
Ω(k,i)
k,i (13)

Conditional density of θ: f(θi|Yi, α)

θ ∼ Dirichlet(Yi × α)

This means that the Dirichlet prior of θ is a K × M matrix. Each column vector is computed as
Yi×α, in order for the ith column of the Dirichlet prior to correspond to the ith column of Y , the matrix
of classes.

f(θ|Yi × α) =

∏

K θYi×α−1
i,k

B(Yi × α)
(14)
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About the estimation of α We did not satisfyingly estimate α YET. This is an important part to
the future works for this project. The estimation of α can be done using the Polya distribution, also
known as the Dirichlet-multinomial distribution. In preliminary researches, we had implemented such
estimations using a gradient descent, but the algorithm was not converging fast enough. Therefore we
postponed the improvement of this optimization. The complete derivation is presented by Tom MINKA
in [33]. A study of several optimization algorithms to estimate α can be found in [20].

7.4.3 Sampling φ

The sampling of φ with GS requires us to compute the full conditional distribution of φ, that is, calculate
the distribution of φ given its Markov blanket. As present in fig. 5, the Markov Blanket of φ is the set
of variables {W 1

i1...W
1
iN}, {W 2

i1...W
2
iN} and β.

P (φk|{W
1
i1...W

1
iN}, {W 2

i1...W
2
iN}, β) = constant×

N
∏

j

P (W 1
ij |S

1
ij , φk)f(φk|β) (15)

=
∏

V

φ
Ψ(v,k)+β

v,k (16)

(17)

φk ∼ Dirichlet(Ψ(., k) + β) (18)

The matrix Ψ(v, k), in which we report the number of times the song k was assigned to syllable cluster
v across the corpus.

Ψ(v, k) =

N
∑

j=1

I(Wij = v ∧ Sij = k) (19)

The transitions from equation (15) to (16) and then (18) are done by using the Dirichlet distribution
properties. Those “gritty details” are available in [45].

We will now present the derivation of equation (8), which is composed by two probabilities:

• Conditional distribution of Wi given {Si1...SiN} and φk

• Density function of φk given β

Conditional distribution of Wi: P ({Wi1...WiN}|{Si1...SiN}, φk) We multiply the kth column of the
φ matrix, therefore, there is no distinction between W 1 and W 2.

{Wi1...WiN}|{Si1...SiN}, φk ∼ Discrete(φk)

P ({Wi1...WiN}|{Si1...SiN}, φk) =

N
∏

j=1

P (Wij |Sij) (20)

=

V
∏

i:v=1

K
∏

k=1

φ
Ψ(v,k)
v,k (21)
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Conditional density of φ: f(φk|β)

φk ∼ Dirichlet(β)

P (φ|β) =

K
∏

k=1

P (φk|β) (22)

=

K
∏

k=1

1

B(β)

V
∏

v=1

φβ−1
k,v (23)

About β: Similarly to α, it is possible and necessary to estimate β.The estimation of β can be done using
the Polya distribution, also known as the Dirichlet-multinomial distribution. The complete derivation
is presented by Tom MINKA in [33]. A study of several optimization algorithms to estimate α can be
found in [20].

8 Experiments with Synthetic Data Sets

In the first experiment, we generate a synthetic set of data - a toy model - to test our approach.

8.1 Generative Process for Proposed MSLDA

We generated a random set of data using the standard generative process for MSLDA [3]. We adapted
it to integrate our new parameters. The algorithm 2 gives the details of the procedure.

Algorithm 2 Generative Process for proposed MSLDA

1: Construct Γ, K × C binary matrix such as one song is used only by one species
2: for i = 1 to M do {Each document}
3: Randomly generate the number of word Ni

4: end for

5: for k = 1 to K do {Each song}
6: Sample True φk ∼ Dirichlet(β))
7: end for

8: Randomly generate Y
9: Randomly generate α

10: for i = 1 to M do {Each document}
11: Sample True θi ∼ Dirichlet(Yi × α)
12: for j = 1 to Ni do {Each word}
13: Sample Sij = k ∼ Discrete(θi)
14: Sample Wij = v ∼ Discrete(φk)
15: Use Γ to find the corresponding Zij

16: end for

17: end for

8.2 Implementation Details

The algorithms 1 and 2 have been implemented entirely in Matlab. We used vectorization to make the
algorithms more efficient with Matlab since Matlab does not handle loops well. The sampling from the
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Figure 6: Subset of generated documents

Dirichlet distribution has been done using the awesome FastFit toolbox developed by Tom MINKA2.
This toolbox requires the use of Lightspeed toolbox, also developed by Tom MINKA3.

8.3 Simulation Details

We generate several models with various numbers of recordings of bird species, song, song per species, α
and β parameters. The following simulation details have been chosen for presentation because it shows
a clear and understandable output. It is important to understand how we may interpret the results at
this stage, thus the reader may confidently comprehend section 9 using the real data.

We generate a model with 250 recordings, 4 bird species, 4 song per species (so 16 songs in total) and
100 types of syllable for a little more than 12,000 instances. α and β have been fixed respectively to 2
and 0.02, so we have sparse mixtures. We run the Gibbs Sampling algorithm during 1,000 iterations with
a burn-in of 500 iterations. We saved the estimations of θ and φ every 100 iteration after this burn-in.

8.4 Results

Figure 6 is a subset of the first nine documents generated. Those matrices are normalized probability
matrices. Each cell corresponds to the normalized probability of one word appearing in the document.
The shade of grey indicates the level of probability. The syllable cluster having the highest probability
will have a white cell. The syllable-cluster having the smallest probability will have a black cell. These
matrices are used in the same way as any other figure presented in this work. It is important to notice
that those matrices are filled up first by column, that is, v = 1 will be in (1, 1), and v = 2 will be in (2, 1)
(second line, first column).

First, we generate the documents using algorithm 2 and obtain 250 documents as in Figure (6).We
also generate the true φ (Figure (7)) in order to compare them with the φ that we will estimate later.
We run algorithm 1 for the generated documents. The φ generated during the GS at iterations 500, 600,

2http://research.microsoft.com/en-us/um/people/minka/software/fastfit/
3http://research.microsoft.com/en-us/um/people/minka/software/lightspeed/
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Figure 7: true φ of Corpus

Figure 8: Estimated φ over 1000 iterations averaged every 100 iterations
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Table 2: Estimation of θ, mixture of song, for document 1

Doc 1

θ1 0.0095
θ2 0.0195
θ3 0.1609

θ4 0.0180
θ5 0.0000
θ6 0.1046
θ7 0.0000
θ8 0.0001
θ9 0.3391

θ10 0.0000
θ11 0.0905
θ12 0.0000
θ13 0.2121

θ14 0.0458
θ15 0.0000
θ16 0.0000

Table 3: Extract from Table 7 and 9

Wij P (Wij |Sij) = 9

5 0.1303
12 0.1476
16 0.1934
27 0.0853
74 0.1717

700, 800, 900, and 1000 (Figures 15,16,17,18,19 and 20 in Appendix A) are added up and divided by 5
to obtain the estimated φ (Figure 8).

The matrices of estimated φ (Figure 8) are obtained by running the GS (algorithm 1), adding the
estimated φ every 100 iterations after the burn-in, and averaging. Those matrices should have a structure
that correspond to the true φ (Figure (7)). Simply speaking, the “structure” made by the white cells
should be similar. The matrices may shuffle within the same bird species, that is, it may happen that
the matrix true φ1 would be at position of estimate φ4, but still within its species range (e.g. 1 to 4 for
species 1).

From θ to φ, how to navigate in LDA output?: We will explore document 1 with the purpose
of exposing the process of analysis of MSLDA results. The first step is to look at the estimated θ, the
mixture of song for the document 1. The complete table of θ estimates are shown is Table (4) of the
Appendix A. We presented an extract in Table 2. It’s important to notice, that those probabilities sum
to 1, which is expected from a Dirichlet distribution.

The highest probabilities are θ(9,1) = 0.3391,θ(13,1) = 0.2121 and θ(3,1) = 0.1609. This means that the
songs 9,13 and 3 are most likely to appear in this document. We also know from matrix Γ that those
songs respectively correspond to species 3, 4 and 1 (Table 5 of Appendix A). We will now have a look
at the estimates of φ. Unlike θ, which can be a relatively small matrix (at least in this example), φ is a
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Figure 9: Sampling of generated documents with α = 1 and β = 0.02

100 × 16 matrix. The complete matrix φ is presented in Tables 6,7, 8 and 9 in Appendix 1. We recall
that φ is a V ×S matrix of mixture of syllable per song. Therefore, each column is a mixture of syllables
summing to 1 for each song. There are a lot of zeros in both matrices, but the reader should not be
mistaken. The probability is just too small to be written significantly to the then thousands place. A
probability will never be equal to zero, but will be extremely small.

By reading the columns 9, 13 and 3 in Tables (6,7,8,9), we are able to reconstruct the likeliest syl-
lables among the likeliest songs within document 1. We have done this for song 9 as an example to
the reader in Table 3. The most common syllables of song 9 are syllables 5, 12, 16, 27 and 74. They
are syllables with the highest probabilities in column 9 of the φ matrix. In Figure 8, matrix φ9, those
syllables are the one with the most white cells. Visually, it is easy to see that the “shape” made by the
white squares in φ9 can be found back in document 1 of Figure 6 (e.g. the diagonal made with 5,16 and 27).

It is crucial to notice the repetition of “shapes” among songs of a same species. For instance, φ5, φ6, φ7

and φ8 have a distinctive diagonal on the upper left corner. This is consistent with the notion of repertoire
for a bird: consistently repeating song behavior. It is the probability of each syllable and its proportion,
that distinguishes song from other song of the same repertoire. The fact that we can observe such a
structure confirms the relevance of this model.

On the effect of β and α In order to illustrate the effect of β and α on the model, we simulated two
examples in figures 9 and 10. The figure 9 was generated with the same parameters explained in section
8.3, except with α set to 1. The documents generated clearly present a poorer mixture of songs than
with α = 2 in figure 6. More exactly, the number of songs present in the mixture of each document is
decreased.

The figure 10 was generated with the same parameters as explained in section 8.3, except that β set
to 0.01. The documents generated clearly present a poorer mixture of songs than with β = 0.02 in Figure
6. More exactly, the number of words present in the mixture of each song is decreased.

This demonstrates the crucial importance of estimating β and α in future work, because their effect
on the model is a fundamental part of the inference and therefore, of the learning.
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Figure 10: Sampling of generated documents with α = 2 and β = 0.01

9 Experiments with Data Sets from the Field

9.1 Data Set Details

In section 5.2.1, the presentation of data collection methods were described. In section 5.2.2, it was
explained how the syllables were segmented. After segmentation, a set of 548 recordings were obtained,
each 10 seconds in length. This set contains 10,232 segmented syllables with 38 features characterizing
minimum frequency, maximum frequency, bandwidth, duration, area, perimeter, rectangularity, etc...
The detailed features and their analysis can be found in [28, 5]. The labeling has been done on the
bag-level and instance-level with 13 bird species.

The repartition of bird species per recording is not uniform. We ran the Apriori algorithm to
extract the frequent “birdsets” in our data. From the bag-level labeling, we construct the matrix Y (as
seen in section 7.2) and use it as a transaction matrix for the Apriori algorithm. We used a Java Applet
developed by the University of Regina4 (Canada). The complete output is shown in Appendix B. It was
not relevant to use the Support has a decision parameter, therefore we fixed it to a very low level (0.1).

We will comment on the results obtained with a higher degree of confidence. We obtain the following
most frequent “birdsets”: [1 2 3, 1 4 6, 2 3 13, 9 10 11], which means that the algorithm may be confused
by the co-occurrence of syllables from birds of a same set. We have no way of preventing the algorithm
from constructing a song composed of syllables from birds belonging to the same set. On the other
hand, species (12) will always be the only species in the recording, so we can reasonably assume that it’s
identification will be much easier. Moreover, there are 4,998 instances where the species is known, and
5,234 instances with unknown labels causing us to use only the set of 4,998 data with known labels.

Features clustering The dimensional reduction of features into clusters has been done using a multi-
class linear dimension reduction via a generalized Chernoff bound [42]. We used 15 dimensions and 100
clusters obtaining a vocabulary V = 100. In Figure (11), we present a very homogeneous cluster. Each
syllable has its species indicated on the top and the composition of this cluster was mainly composed of
species (2). There are three syllables from species (12], but since those syllables are extremely similar to
the others, we can reasonably assume that the labeler made a mistake.

4http://www2.cs.uregina.ca/ dbd/cs831/notes/itemsets/itemsetgenerator.php
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Figure 11: Example of homogeneous cluster

Figure 12: Example of heterogeneous cluster

24



(a) (b)

Figure 13: (a): Number of occurrences for syllable (1) among bird species (b):Number of occurrences for
syllable (16) among bird species

On the other hand, Figure (12) produces a lesser homogeneous cluster. The syllables look noisier and
the labeled species are too numerous to assume that they were mislabeled. We have judged this cluster
of a hundred as being homogeneous enough to be used for learning. Nevertheless, this may be an area
of approach for improvement in future work. As it has been demonstrated before, the quality of the
clustering greatly determines the quality of the learning.

9.2 Implementation Details

The algorithm (1) has been implemented entirely in Matlab. We used vectorization to make the algorithms
more efficient with Matlab since Matlab does not handle loops well. The sampling from the Dirichlet
distribution has been done using the awesome FastFit toolbox developed by Tom MINKA5. This toolbox
requires the use of Lightspeed toolbox, also developed by Tom MINKA6.

9.3 Simulation Details

Training Stage We have run the Gibbs Sampling for 3,000 iterations, using a burn-in of 1,000 with
the α values set to 2 and β values set to 0.02. After the burn in we added the estimated φ and θ every
100 iterations.

Test Stage We run the simulation again using 90%, 95% and 99% of the initial 4,998 labeled data set.
Then, we use the matrix Γ and the sampled songs S to predict the species for the second part of the data
set.

9.4 Results

Training Stage At the training stage, we used the data set with 4,998 known labeled instances to
learn the model. After the sampling, we can construct a matrix recording the occurrences of each word
by each species. In Figure 13(a), the reader can see that syllable (1) is characterized to only species (1).
This is a very encouraging result, but not every syllable has this distinctive distribution. In Figure 13(b),
the distribution of syllable (16) is much less accurately characterized to a particular species.

5http://research.microsoft.com/en-us/um/people/minka/software/fastfit/
6http://research.microsoft.com/en-us/um/people/minka/software/lightspeed/

25



(a) (b)

Figure 14: (a): Number of occurrence for each song of species (1) (b): Number of occurrence for each
song of species (7)

Similarly, we would expect the same result with the distribution of the songs belonging to one species.
We would like to see among the range of songs for a species, two or three very particular songs in a
species that seldomly occurs. In Figure 14(b), we clearly observe this result on song (7). Nevertheless,
in Figure 14(a), the distribution of songs over this species is much more uniform.

Test Stage We obtain an error rate averaging around 85%. In section 9.5, we will discuss this problem
and propose several ways to improve it.

9.5 Discussion on Results

The result from the prediction is not a surprise for several reasons:

• We did not estimate either the α or β values, even if as demonstrate in section 8.4, they have a
predominant role in the modeling.

• We know that there are some mistakes in the labels.

• We limited the number of songs to 15, and as seen in figure 14(a). If we do not allocate enough
space for the songs to spread, we won’t see particular picks appearing.

Those problems will be subject to future work by the Bioacoustics group.

Experimentation with Clustering: We run another classification algorithm obtaining the clusters
from the multi-class linear dimension reduction via a generalized Chernoff bound.

We made the cluster determine the most frequent species found within this particular cluster. We re-
mind the reader that we did this clustering only with the data set containing 4,998 labels. Each clustered
determined its species, therefore we could draw a deterministic relationship between a syllable and its
cluster to predict which species was present. Taking again the split of 90%, 95% and 99% of our datasets,
we hid the labels for the rest of the dataset. Therefore a syllable without a label will take the label that
was determined by the cluster.

Using this simplistic method, we obtain an accuracy of 75% when comparing the real label and the
predicted label! This demonstrates that our clustering has a satisfying quality, and should not be the
source of the problem.

10 Conclusion

During this internship, we have been attempting to create an automatic bird species identification sys-
tem, such as given an audio recording; predict the species for each call, and the set of all species heard
in each recording. We developed an application of LDA called Mixed Supervision LDA. Using both the
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information from the bag-level and the instance-level, we constructed an inference to estimate this model.
The first results were not matching our expectation. Therefore, there are several axes of amelioration on
which the Bioacoustics group will put its efforts. To increase the accuracy, we will estimate α and β and
insure the purity of our labeling. Also, we will study the effort of the number of syllable clusters and the
number of song per species.

Automatic recording systems allow acoustic sampling over a large temporal and spatial scales. There-
fore, the ability to analyze sufficiently and efficiently those data can be a very important step into the
monitoring of biodiversity.
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A First appendix - Detailed results for section 8

Table 4: Estimation of θ

Doc 1 Doc 2 Doc 3 Doc 4 Doc 5 Doc 6 Doc7 Doc 8 Doc 9

θ1 0.0095 0.0847 0.0913 0.0489 0.2269 0.1187 0.4287 0.0330 0.0106
θ2 0.0195 0.0000 0.0593 0.1061 0.0634 0.0000 0.0000 0.0211 0.0051
θ3 0.1609 0.0000 0.0494 0.0147 0.0075 0.0877 0.0005 0.0004 0.0188
θ4 0.0180 0.2027 0.1410 0.0592 0.0003 0.0000 0.0000 0.0102 0.1063
θ5 0.0000 0.4496 0.0000 0.0427 0.1267 0.0000 0.0333 0.0448 0.3445
θ6 0.1046 0.0000 0.0000 0.0112 0.0000 0.2328 0.0911 0.3323 0.0000
θ7 0.0000 0.0000 0.1999 0.0932 0.0298 0.0562 0.0019 0.0000 0.0308
θ8 0.0001 0.0000 0.0006 0.1237 0.0000 0.0059 0.0167 0.0000 0.0000
θ9 0.3391 0.0078 0.0666 0.0124 0.0391 0.0357 0.0103 0.1574 0.0000
θ10 0.0000 0.0075 0.0748 0.2750 0.1540 0.0182 0.2327 0.1241 0.0000
θ11 0.0905 0.0570 0.0000 0.0000 0.0105 0.0598 0.0000 0.0733 0.0005
θ12 0.0000 0.0102 0.0202 0.0716 0.0802 0.0762 0.0001 0.0000 0.3156
θ13 0.2121 0.0000 0.0196 0.0699 0.0000 0.0000 0.1420 0.0469 0.0826
θ14 0.0458 0.0000 0.0000 0.0275 0.0000 0.0000 0.0000 0.1564 0.0526
θ15 0.0000 0.0000 0.0006 0.0420 0.2582 0.0017 0.0000 0.0000 0.0327
θ16 0.0000 0.1806 0.2768 0.0018 0.0035 0.3069 0.0427 0.0000 0.0000

Table 5: Γ matrix

Z=1 Z=2 Z=3 Z=4

S1 1 0 0 0
S2 1 0 0 0
S3 1 0 0 0
S4 1 0 0 0
S5 0 1 0 0
S6 0 1 0 0
S7 0 1 0 0
S8 0 1 0 0
S9 0 0 1 0
S10 0 0 1 0
S11 0 0 1 0
S12 0 0 1 0
S13 0 0 0 1
S14 0 0 0 1
S15 0 0 0 1
S16 0 0 0 1

II



Table 6: Estimation of φ

v S1 S2 S3 S4 S5 S6 S7 S8

1 0.0704 0.1712 0.1779 0.2144 0.0692 0.0643 0.0244 0.046
2 0 0 0 0 0 0 0 0.0006
3 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0.0002 0 0
5 0 0 0 0 0 0 0 0
6 0 0 0 0 0 0 0 0
7 0.0008 0.0007 0 0.0041 0.0146 0.0065 0.0153 0.012
8 0.0036 0.0003 0.0003 0 0.0255 0.0031 0.0228 0.0385
9 0.0002 0.0003 0 0.0014 0 0 0 0
10 0 0 0 0 0.0003 0 0 0
11 0 0 0 0.0001 0 0 0 0
12 0 0 0 0 0.0774 0.0631 0.026 0.0089
13 0 0 0.0001 0 0.0002 0 0 0.0002
14 0 0 0 0 0.0043 0.0108 0 0
15 0 0 0 0 0 0.0001 0 0
16 0 0 0 0.0002 0 0.0002 0 0
17 0 0 0 0 0.0034 0.0024 0.0018 0
18 0.005 0.0123 0 0 0 0 0 0
19 0 0 0 0 0 0 0 0
20 0 0 0.0006 0 0.0002 0 0 0
21 0 0 0 0 0 0 0 0
22 0 0 0 0.0012 0.0001 0 0 0
23 0.0821 0.0978 0.033 0.0609 0.0646 0.0177 0.0398 0.0566
24 0 0 0 0 0.0201 0.0063 0.0087 0.0465
25 0 0 0 0 0 0 0 0
26 0.0338 0 0.0592 0.0296 0.0003 0.0002 0.0002 0
27 0.0012 0.0002 0.0071 0 0 0 0 0.0002
28 0.0014 0.0004 0.0026 0 0 0 0 0
29 0 0 0 0 0 0 0.001 0.0002
30 0 0 0 0 0 0 0 0
31 0 0 0 0 0.0074 0.0038 0.0004 0.0049
32 0.0024 0 0 0 0 0 0 0
33 0 0.0013 0 0 0.0001 0 0 0
34 0 0 0 0 0.075 0.0168 0.08 0.119
35 0 0 0 0 0 0 0 0
36 0 0 0 0 0 0 0 0
37 0 0 0 0 0 0.0032 0 0
38 0 0 0 0 0 0 0 0
39 0 0 0.0048 0 0 0 0.0008 0.0002
40 0 0 0 0.0003 0.0009 0 0 0
41 0 0 0 0 0.0017 0.0046 0 0
42 0 0 0 0 0 0 0 0.0001
43 0.0073 0.0179 0.0057 0.0042 0 0 0 0
44 0 0 0 0 0 0 0 0
45 0 0 0 0 0.0051 0.0092 0 0.0056
46 0 0 0.0046 0 0 0 0 0
47 0.0634 0.0359 0.0659 0.0242 0.0131 0.0189 0.0065 0.0004
48 0 0 0 0 0.0003 0.0074 0 0.0046
49 0 0 0 0 0.0111 0.004 0 0
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Table 7: Estimation of φ - Continuing

v = 1 S9 S10 S11 S12 S13 S14 S15 S16

1 0 0.0076 0.0025 0.001 0.0003 0 0 0.0021
2 0.0231 0.0191 0 0.0234 0.06 0.0652 0.0183 0.0187
3 0 0 0 0.0084 0.0004 0.0001 0 0
4 0 0 0 0 0.0016 0.0089 0 0.0102
5 0.1303 0.1629 0.2025 0.0507 0.0539 0.097 0.045 0.0293
6 0 0.0002 0.004 0.0027 0 0 0 0
7 0 0.0003 0 0 0 0 0.0004 0
8 0 0 0 0 0.0001 0 0 0
9 0 0 0 0 0 0 0 0
10 0.0133 0 0.0107 0.0006 0 0 0.0012 0
11 0 0.0003 0 0 0 0 0.0001 0.0022
12 0.1476 0.3746 0.2019 0.2235 0.0014 0.0006 0.0016 0.005
13 0 0 0 0 0 0 0 0.0002
14 0 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0.0001 0
16 0.1934 0.0906 0.1701 0.1303 0 0 0 0
17 0 0.0017 0 0.0011 0 0 0 0
18 0.0124 0.0193 0.0105 0.011 0 0 0 0
19 0 0 0 0 0.0429 0.0225 0.0685 0.0725
20 0.0017 0 0 0.0026 0 0 0 0
21 0 0.0021 0.0002 0.0061 0 0 0 0
22 0 0.0004 0 0 0.1014 0.0475 0.1129 0.1365
23 0 0 0.0013 0 0.0106 0.0051 0.0175 0.0282
24 0 0 0 0 0 0 0 0
25 0.0018 0 0 0 0 0 0 0
26 0.0117 0.0366 0 0.0297 0 0.0058 0 0.0003
27 0.0853 0.0303 0.0899 0.0573 0 0 0 0.0005
28 0 0 0 0.0001 0 0.0059 0.0036 0
29 0 0 0 0 0 0 0 0
30 0 0.0002 0 0 0 0 0 0
31 0 0 0 0 0 0 0 0
32 0 0 0 0 0 0 0 0
33 0 0 0 0 0 0 0 0
34 0 0 0 0 0 0 0 0
35 0.0021 0 0 0 0.0054 0.0177 0.0064 0.0064
36 0 0 0 0 0.0239 0.0235 0.0412 0.0023
37 0 0 0 0 0 0 0 0
38 0 0 0 0 0 0 0 0
39 0 0 0 0 0 0 0 0
40 0 0 0 0 0.2547 0.1018 0.0869 0.1987
41 0 0 0 0 0.0001 0 0 0
42 0.0074 0.0002 0 0 0 0 0 0
43 0 0 0 0 0 0 0 0
44 0 0 0 0 0 0.0011 0 0
45 0 0 0.0004 0.0005 0 0.0008 0 0
46 0 0 0 0 0 0 0 0
47 0 0.0002 0 0 0 0 0 0
48 0 0 0 0 0.0004 0 0 0.0012
49 0.0101 0 0.0378 0.0074 0 0 0 0
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Table 8: Estimation of φ - Continuing

v S1 S2 S3 S4 S5 S6 S7 S8

50 0.0235 0.0175 0 0.0155 0 0 0 0
51 0.0003 0.0007 0.0002 0 0 0 0 0
52 0.0131 0.0048 0.0295 0.0027 0 0 0 0
53 0.0695 0.0989 0.1071 0.1533 0.0001 0 0 0.0004
54 0.0404 0.0373 0 0.0241 0 0 0.0071 0
55 0 0 0 0.0002 0.0287 0.0259 0.0268 0.0486
56 0.0069 0 0.0294 0.003 0.1169 0.1138 0.1487 0.2069
57 0.0464 0.0569 0.1266 0.1122 0.0122 0.01 0 0.0083
58 0.0002 0 0.0001 0 0 0.0002 0.0002 0
59 0 0 0.0024 0.0173 0.025 0.0197 0.0251 0.0292
60 0.0002 0 0.0001 0 0.0006 0 0.0003 0
61 0 0 0.0001 0 0.0002 0 0 0
62 0 0 0 0 0 0 0 0
63 0 0 0.0002 0.0008 0 0 0 0
64 0 0 0 0 0 0 0 0.0015
65 0 0 0 0.0003 0 0 0 0
66 0 0 0 0 0.0001 0.0002 0.0001 0
67 0 0 0 0 0.0107 0 0.0004 0.0003
68 0 0 0 0.0035 0 0 0 0
69 0 0 0.0003 0 0 0 0 0
70 0.0039 0 0.0002 0.0002 0 0.0001 0 0
71 0.0003 0 0 0 0.0332 0.01 0.0387 0.0483
72 0 0 0 0 0.1295 0.1298 0.0528 0.0399
73 0.0134 0.0015 0.0007 0 0 0 0 0
74 0 0 0 0 0 0 0 0.0001
75 0.0327 0.0041 0.0142 0.0406 0 0.0004 0.005 0.0002
76 0 0 0 0 0.0313 0.0059 0.0466 0.0379
77 0.1512 0.2168 0.0149 0.0826 0 0 0 0
78 0.0275 0.0324 0.0006 0.009 0 0 0 0
79 0 0.0025 0 0 0.0264 0.0286 0.0214 0.0532
80 0.0073 0 0.0011 0 0 0.0002 0 0
81 0 0.0004 0.0009 0.0017 0.0001 0 0 0
82 0.0249 0.0398 0.0081 0.012 0.0095 0.0304 0.0367 0.0416
83 0 0 0 0 0 0 0 0
84 0 0.0017 0.0001 0.0031 0.0516 0.0128 0.0577 0.0358
85 0 0 0.0001 0 0 0 0 0
86 0 0 0 0 0 0.0007 0 0
87 0 0 0 0 0 0 0 0
88 0.0055 0.009 0.0334 0.0298 0 0 0 0
89 0 0 0 0 0.054 0.1637 0.1595 0.0391
90 0 0 0 0 0 0 0.0001 0
91 0.0029 0.0269 0 0.0275 0 0 0 0
92 0 0 0 0 0 0 0 0
93 0.0454 0.0393 0.0556 0.0462 0 0.0008 0 0.001
94 0.002 0 0 0.0059 0 0 0 0
95 0.0075 0 0 0 0 0 0 0
96 0 0 0 0 0 0.0001 0.0006 0.0045
97 0 0.0003 0.0091 0.0043 0 0 0 0
98 0 0 0.0001 0 0.0442 0.0506 0.0379 0.0135
99 0.0079 0 0 0 0.0222 0.0964 0.0598 0.025
100 0.1955 0.0704 0.2021 0.063 0.008 0.0564 0.0461 0.0194

V



Table 9: Estimation of φ - Continuing

v S9 S10 S11 S12 S13 S14 S15 S16

50 0 0 0 0.0001 0.0002 0 0 0.0000
51 0.0002 0.004 0.0043 0.0083 0 0 0 0.0000
52 0 0 0 0 0 0 0.0002 0.0002
53 0.0527 0.0498 0.0353 0.056 0.0024 0.0026 0.0002 0.0023
54 0 0 0 0 0.0039 0 0 0.0000
55 0 0 0 0 0 0.0098 0.0111 0.0202
56 0 0 0 0 0.0039 0 0 0.0000
57 0 0 0 0 0.0456 0.0186 0.0272 0.0471
58 0 0.0115 0.0127 0 0 0 0 0.0000
59 0.0001 0 0 0 0 0 0 0.0000
60 0.0095 0.0102 0 0.0233 0 0 0 0.0000
61 0 0 0 0 0.0809 0.0386 0.013 0.0396
62 0 0.0001 0 0.0018 0.0174 0.0316 0.0728 0.0070
63 0.0001 0 0 0 0 0 0.0043 0.0003
64 0.0006 0.0006 0 0 0 0 0 0.0000
65 0 0 0 0 0.0663 0.0577 0.0794 0.1537
66 0 0 0 0 0.001 0 0 0.0001
67 0 0 0 0 0 0 0 0.0000
68 0 0.0063 0.0066 0.0076 0 0 0.0002 0.0000
69 0 0 0 0 0 0 0 0.0000
70 0 0 0 0 0 0 0 0.0000
71 0 0 0 0 0 0 0 0.0000
72 0.0032 0.0018 0.005 0 0.0204 0.0471 0.0463 0.0296
73 0 0 0 0 0 0 0 0.0000
74 0.1717 0.1072 0.0682 0.2444 0.0664 0.1068 0.0495 0.0486
75 0 0 0 0.0003 0.0123 0.0032 0 0.0005
76 0.0291 0.0062 0.0088 0.0005 0.0066 0.0361 0.0003 0.0007
77 0 0 0 0 0.0005 0 0 0.0000
78 0 0 0 0 0 0 0 0.0000
79 0.0292 0.002 0.0382 0.033 0.0123 0.0386 0.0184 0.0106
80 0.0003 0.0008 0 0.0003 0.0224 0.0259 0.024 0.0329
81 0 0.0008 0 0.0008 0 0 0 0.0045
82 0 0 0 0 0 0.0038 0 0.0018
83 0.0263 0.03 0.0368 0.0116 0 0.001 0.0005 0.0003
84 0 0 0 0 0 0 0 0.0000
85 0.0039 0 0 0.0039 0 0 0 0.0000
86 0.0004 0 0 0 0.0007 0 0 0.0000
87 0 0 0 0 0 0 0 0.0001
88 0 0 0 0 0 0 0 0.0000
89 0 0 0 0 0.0737 0.1592 0.2474 0.0765
90 0 0 0 0 0.0009 0.005 0 0.0023
91 0 0 0 0 0 0 0 0.0000
92 0 0.0002 0.0002 0 0 0 0 0.0000
93 0.0003 0 0 0 0 0.0002 0 0.0015
94 0 0.0005 0 0 0 0 0 0.0000
95 0 0 0 0 0 0 0.0002 0.0000
96 0 0 0 0 0 0 0 0.0000
97 0 0.0001 0 0 0.0043 0 0.0005 0.0000
98 0 0 0 0 0 0.005 0 0.0036
99 0 0 0 0 0 0.0013 0 0.0005
100 0.0319 0.0205 0.0165 0.0504 0 0.0026 0.0002 0.0000

VI



Figure 15: Sampled φ at iteration 500

Figure 16: Sampled φ at iteration 600

VII



Figure 17: Sampled φ at iteration 700

Figure 18: Sampled φ at iteration 800

VIII



Figure 19: Sampled φ at iteration 900

Figure 20: Sampled φ at iteration 1000

IX



B Second appendix - Apriori Algorithm Results

Input configuration: 13 items, 548 transactions, minsup = 5.0%

Apriori algorithm has started.

Frequent 1-itemsets

[1, 2, 3, 4, 6, 8, 9, 10, 11, 12, 13]

Frequent 2-itemsets

[1 2, 1 3, 1 4, 1 6, 2 3, 2 13, 3 13, 4 6, 9 10, 9 11, 10 11]

Frequent 3-itemsets

[1 2 3, 1 4 6, 2 3 13, 9 10 11]

Execution time is: 0.019 seconds.

A B|Confidence/Precision|

’1’ ’2’| 0.345|

’2’ ’1’| 0.624|

’1’ ’3’| 0.579|

’3’ ’1’| 0.691|

’1’ ’4’| 0.269|

’4’ ’1’| 0.646|

’1’ ’6’| 0.376|

’6’ ’1’| 0.822|

’2’ ’3’| 0.881|

’3’ ’2’| 0.582|

’2’ ’13’| 0.376|

’13’ ’2’| 0.891|

’3’ ’13’| 0.261|

’13’ ’3’| 0.935|

’4’ ’6’| 0.573|

’6’ ’4’| 0.522|

’9’ ’10’| 0.708|

’10’ ’9’| 1.000|

’9’ ’11’| 0.461|

’11’ ’9’| 0.519|

’10’ ’11’| 0.460|

’11’ ’10’| 0.367|

’1 2’ ’3’| 0.882|

’1 3’ ’2’| 0.526|

’1’ ’2 3’| 0.305|

’2 3’ ’1’| 0.625|

’2’ ’1 3’| 0.550|

’3’ ’1 2’| 0.364|

’1 4’ ’6’| 0.642|

’1 6’ ’4’| 0.459|

A B|Confidence/Precision|

’1’ ’4 6’| 0.173|

’4 6’ ’1’| 0.723|

’4’ ’1 6’| 0.415|

’6’ ’1 4’| 0.378|

’2 3’ ’13’| 0.396|

’2 13’ ’3’| 0.927|

’2’ ’3 13’| 0.349|

’3 13’ ’2’| 0.884|

’3’ ’2 13’| 0.230|

’13’ ’2 3’| 0.826|

X



’9 10’ ’11’| 0.460|

’9 11’ ’10’| 0.707|

’9’ ’10 11’| 0.326|

’10 11’ ’9’| 1.000|

’10’ ’9 11’| 0.460|

’11’ ’9 10’| 0.367|

XI


